MULTI-PARAMETER QUANTUM GROUPS 
AND QUANTUM SHUFFLES, (I) 



NAIHONG HIT*, YUFENG PEF, AND MARC ROSSO 

Abstract. In this article, we study the multi-parameter quantum groups defined by 
generators and relations associated with symmetrizable generalized Cartan matrices, 
together with their representations in the category O. This presentation will be 
convenient for our later discussions. We present two explicit descriptions here: as a 
Hopf 2-cocycle deformation, and as the multi-parameter quantum shuffle realization 
of the positive part. 



1. Introduction 

In the early 90s last century, much work has been done on the multi-parameter 
deformations of the coordinate algebra of the general linear algebraic group. These 
deformations were firstly described in [5] and independently in [51j . These implied that 
multi-parameter deformations can be obtained by twisting the coalgebra structure [51] 
in the spirit of Drinfeld [9] or by twisting the algebra structure via a 2-cocycle on a 
free abelian group [5]. In fact, the original work of Drinfeld and Reshetikhin concerned 
only with quasitriangular Hopf algebras, but their constructions can be dualised to the 
case of co-quasitriangular Hopf algebras by Hopf 2-cocycle deformations [161 SB] • 

Benkart-Witherspoon [HI [12] investigated a class of two-parameter quantum groups 
U(gl n ) and U (sl n ) of type A arising from the work on down-up algebras [10], which were 
early defined by Takeuchi [56] . Bergeron-Gao-Hu [8] developed the corresponding 
theory for two-parameter quantum orthogonal and symplectic groups, in particular, 
they studied the distinguished Lusztig's symmetries property for the two-parameter 
quantum groups of classical type. Recently, this fact has been generalized to the cases of 
Drinfeld doubles of bosonizations of Nichols algebras of diagonal type by Heckenberger 
in [26], that is, the study of Lusztig isomorphisms (only existed among a family of 
different objects) in the multi-parameter setting finds a beautiful realization model for 
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his important notion of Weyl groupoid defined in [27J. ft should be pointed out that 
this is also a remarkable feature for the multi-parameter quantum groups in question 
that are distinct from the one-parameter ones familiar to us (see |47j). 

Hu-Shi [34J, Bai-Hu [6] did contributions to exceptional types G 2 , E, respectively; 
Hu-Wang [35], [36], Bai-Hu and Chen- Hu- Wang further investigated the structure theory 
of two-parameter restricted quantum groups for types B, G 2 , D and C at roots of 
unity, including giving the explicit constructions of convex PBW-type Lyndon bases 
with detailed information on commutation relations, determining the isomorphisms as 
Hopf algebras and integrals, as well as necessary and sufficient conditions for them to 
be ribbon Hopf algebras. 

Another new interesting development is the work of Hu- Rosso-Zhang and Hu- Zhang 
[33], [37J EE] achieved for affine types xf\ where X = A,B, C, D, E, F 4 , G 2 - Of most im- 
portance among them are the following: (1) Drinfeld realizations in the two-parameter 
setting were worked out; (2) Axiomatic definition for Drinfeld realizations was achieved 
in terms of inventing r-invariant generating function; (3) Quantum affine Lyndon 
bases were put forwarded and constructed for the first time; (4) Constructions of two- 
parameter vertex representations of level 1 for Xg were obtained. 

Using the Euler form, the first two authors [31] introduced a unified definition for 
a class of two-parameter quantum groups for all types and studied their structure. 
Shortly after, this definition was quoted in [13]. On the other hand, (multi)two- 
parameter quantum groups have been deeply related to many interesting work. For 
instance, Krob and Thibon [44] on noncommutative symmetric functions; Reineke [50] 
on generic extensions and degenerate two-parameter quantum groups of simply-laced 
cases, and the classifications of Artin-Shelt regular algebras [46] . 

In [52l [53] , the third author found a realization of U*, the positive part of the 
standard quantized enveloping algebra associated with a Cartan matrix by quantizing 
the shuffle algebra (see also [13, [23], 05] ) . It was mentioned that the supersymmetric and 
multi-parameter versions of (for a suitable choice of the Hopf bimodule) also can 
be treated in this uniform principle. From a more recent point of view, Andruskiewich 
and Schneider obtained remarkable results on the structure of pointed Hopf algebras 
arising from Nichols algebras (or say, quantum symmetric algebras as in [53]) and their 
lifting method [2] Eli]. 

In this paper, we study a class of multi-parameter quantum groups U^Qa) defined by 
generators and relations associated with symmetrizable generalized Cartan matrices A, 
together with their representations in the category O. In section 2, we show that C/q(fj) 
can be realized as Drinfeld doubles of certain Hopf subalgebras with respect to a Hopf 
skew-pairing ( , ) q , and as a consequence, it has a natural triangular decomposition. 
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Partially motivated by Doi-Takeuchi |16| . Majid [IE] and also Westreich [57] on Hopf 
2-cocycle deformation theory, we construct an explicit Hopf 2-cocycle on (7 M -i(gyi) and 
use it to twist its multiplication to get the required multi-parameter quantum group 
U^Qa)- In section 3, the representation theory of U^Qa) under the assumption that 
qu (i G /) are not roots of unity is described, which is the generalization of the corre- 
sponding one for two-parameter quantum groups of types A, B, C, D developed in [8] 
and [12]. We show that the Hopf skew-pairing ( , ) q is non-degenerate when restricted 
to each grading component. In section 4, using a non-degenerate r-sesquilinear form 
on [/+ (where r is an involution automorphism of the ground field IK D Q(qij \ y e /) 
such that r(qij) = qji, i,j G I), we prove that the positive part {7+ of U^Qa) can be 
embedded into the multi-parameter quantum shuffle algebra (J 7 , *). It turns out that 
this realization plays a key role both in the study of PBW-bases of £/ q (£u) and the 
construction of multi-parameter Ringel-Hall algebras (see jl9] for more details). 

Throughout the paper, we denote by Z, Z+, N, C and Q the set of integers, the set 
of non-negative integers, the set of positive integers, the set of complex numbers and 
the set of rational numbers, respectively. 

2. Multi-parameter quantum group and Hopf 2-cocycle deformation 
2.1. Let us start with some notations. For n > 0, define 

v n - 1 



in 



v — 1 



(n) J = (n) v ■ ■ ■ (2) v (l) v , and (0)„! = 1. 



n \ in} 



k) v (k)J(n-k) v \ 
The following identities are well-known. 

(m + n) v = (m) v + v m (n) in (1) 



V 

r\ f k\ (r— k\ ( r—m—n\ fm+n 
kjAmJA n J „ 1 k-m ) \ m J Am+n 



(3) 



n / \ n—1 

v^a n - k z k = Y[(a-vz k ), V scalar a. (5) 
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2.2. Assume that R is a field (chari? 7^ 2) with an automorphism r. Let V be a 
i?-vector space. A r-linear map f on V is a function: V — > i? such that 

/(aw) = T(a)f(v), for any a E R, v E V. 

A T-sesquilinear form f on V is a function: V" x V — > _R, subject to the conditions: 



for any x,y,z E V. If r is the identity, / is an ordinary bilinear form on V. A r- 
sesquilinear form / with r 2 = id is called r-Hermitian form if r(f(x,y)) = f(y,x) for 
any ijgV. If r = id, / is a symmetric bilinear form on V. 

2.3. Let 0,4 be a symmetrizable Kac-Moody algebra over Q and A = (a^)^/ be an 
associated generalized Cartan matrix. Let dj be relatively prime positive integers such 
that djOjj = djdji for i,j G /. Let $ be the root system, II = {ctj | % E /} a set of 
simple roots, Q = ©j 6 j the root lattice, and then with respect to II, we have $ + 
the system of positive roots, Q + = ® ieI TL+oli the positive root lattice, A the weight 
lattice, and A + the set of dominant weights. Let q^ be indeterminates over Q and 
Qilij \ hJ ^ -0 be the fraction field of polynomial ring (Qfej \ i,j E I] such that 



Let K D Q(qij \ jje /) be a field such that qf% E K for m E Z + . Assume that there exists 
an involution Q-automorphism r of IK such that r(qij) = qji. Denote q := (qij)ijei- 

Definition 7. The multi-parameter quantum group £/q(jju) is a n associative algebra 



f(x + y,z) = f(x, z) + f(y, z), 
f(x, y + z) = f(x, y) + f(x, z), 
f(ax,y) = r(a)f(x,y) = f(x,r(a)y) 



V a G R 



'hj'ly, <h, ■ 



(6) 






MULTI-PARAMETER QUANTUM GROUPS 5 

Proposition 8. The associative algebra £7 q (g) has a Hopf algebra structure with the 
co-multiplication, the counit and the antipode given by: 

A I ±1\ ±1 ,r> ±1 A / /±1\ /±1 ~ /±1 

A(ei) = ® 1 + a;* ® ei, A(/ 4 ) = 1 ® /< + £ ® u[, 
eicof 1 ) = e^? 1 ) = 1, efo) = e (/ t ) = 0, 



W4 



■ 



S(ei) = -Ui l e h S(fi) = -fiu'i \ 

Remark 9. (1) Assume thatq^ = q diaii (i,j El). In this case, we denote U q>q -i(QA) '■ = 
Uq(sA), and 

where U q (qa) is the one-parameter quantum group of Drinfeld-Jimbo type [ID]. 

(2) Assume that q^ = r^' 7 ^ s~^\ where 

d^y i < j, 
■■= { di i = j, 
i > j. 

UqidA) is one of a class of two-parameter quantum groups introduced uniformly by 
Hu-Pei [31] , which, owing to nonuniqueness of definitions for two-parameter quantum 
groups, have some overlaps with the former examples defined in such as [3 EJ [6j [9j [TD1 
[Tlj [12l [31] [3H [33] and references therein. 

(3) Assume that Qa is of finite type and qij = q- u i a ^ a ])- d i a ij > where u is a skew 
Z- bilinear form on root lattice Q. Then E/q(fu) is the multi-parameter quantum group 
U q ,Q introduced by Hodge et al [281 [29] . Note that the Hopf dual objects of these quantum 
groups are isomorphic to those quantum groups discussed by Reshetikhin [51 J (also see 

PS!). 

(4) Assume that q^ = q diCLi] pij where P = such thatpijPji = l,pu = 1. Then 
Uq(o) are the multi-parameter quantum groups U Qt p introduced by Hayashi in [25] . 

(5) Assume that q = A n , t/ q (fj) is the multi-parameter quantum groups or their dual 
object studied by many authors (see [1], [5], [H], and references therein). 

Remark 10. The definition of U^Qa) has appeared in [TBI [19] - The positive part of 
U^Qa) has appeared in [53]. The Borel part of U^Qa) has appeared in [43J. 



Prom now on, we always assume that qa are not roots of unity. 
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2.4. Note that r : K — > K that is defined by r(qij) = qji for i,j e / is a Q- 
automorphism of IK. 

Lemma 11. 

(1) There is a r-linear Q-algebra automorphism $ o/ C/ q (fl) defined by 

£i /i, /i ^ ej, h-> a;-, a;- h-> l^. (12) 

(2) There is a K-algebra anti- automorphism o/C/ q (g) defined by 

e-i i-> /i, /i >-»■ ei, i-> Wi, cj- i ^ a;-. (13) 
Proof. (2) is clear. (1) is due to the fact: The q-Serre relation 

is equivalent to 

~Oy , _ n ..\ fc(fc-l) 

This completes the proof. □ 

2.5. It will be convenient to work with the algebra Uq(s>) defined by the same gen- 
erators ej, fiiOjf 1 ,^ ±:L for i £ I, and subject to relations (-R1) — (-R5) only (without 
Serre relations). We have the canonical homomorphism Uq(g) -» Uq(g). We abuse the 
notations both for the corresponding elements in t/ q (fl) and £/ q (g), which will be clear 
from the context. For any i,j e / with i 7^ j, set 

^-EWOr") (zf^?^-^?, (14) 

1_aij /I — n- A 

% : = E^f fc j ^tifififi-" ■ ( 15 ) 

Lemma 16. Let i,j £ I with % ^ j. Then 

A(u±) = u± ® 1 + ul'^uj ® «+, A(«r.) = u - ® + 1 ® u " 



Proof. See Appendix A. 



□ 
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2.6. Let (respectively, U~) be the subalgebra of C/ q generated by the elements 
Ci (respectively, /$) for i E /, C/+ (respectively, C/~ °) the subalgebra of C/ q generated 
by oof 1 (respectively, uj'f 01 ) for i E I. Let £7° be the subalgebra of C/ q generated by 
ujf 1 ,^ 1 for i E I. Moreover, Let C/^ (respectively, C/^ ) be the subalgebra of C/ q 
generated by the elements e^uf 1 for i £ 1 (respectively, fi,oj'^ 1 for % E /). It is clear 
that C/q,^ are commutative algebras. Similarly, we can define U+,U~,U®, etc. For 
each fi E Q, we can define the elements ^ and a./ by 

^ = IK l , 4 = IK" 

if /i = ^i®* e <3- For any //, u eQ, we denote 

^ = n 

if /x = Y.i & i^i a i and ^ = Eje/ ^"i- Lct 



AW 

9i ' 



Then 



where 



degej = tti, deg/i = -Q!i, degc^ = degc^ =0. 

Ut = © (t£)±* 

/3eQ+ 

(C/q )±/3 = {a: G C/q I Upxu-p = qtfX, u'^xu'^ = q^x, V // G Q} . 

2.7. (Skew) Hopf pairings. For % G /, we define a linear form on /T^ by 

Ti{eiUJy) = q ™ , for all ^ E Q, 

and 

Tj(C/^°) = 0, for all i/ G Q with z/ ^ a*. 
For each sequence J = (P±, . . . , Pi) of simple roots, let 

Tj = Tp 1 ---T Pl , deg J = pi H h A- 

and for J = 0, tj = 1. Then 

if J = (<*), 



^(eju^) 



i-qu ' 

0, otherwise. 



For any /j, E Q, let : — > IK be the algebra homomorphism with 
k^(xK u ) = e(x)q l/ll for all z/ G Q and x G C/q . 
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Then we have for all sequences J of simple roots and all ji G Q, 



q Vfl , if J = 0; 
0, otherwise. 



Lemma 17. 

(1) For all sequences J, J' of simple roots and all /i G Q, we have 

TjiejiWp) = Tj(ej>) 
and ifdeg(J) ^ deg(J'), then tj = 0. 

(2) For all fj,,v G Q and all sequences J of simple roots, we have 

k/j,k v = k^ +u , k^Tj = q\j\ fJ ,Tjk fl . 

Elements fjou' with all finite sequences J of simple roots and n G Q form a basis of 
U^°. Then there is a unique linear map ip : — > (U^ )* with ^(fjcv'^) = Tjk^ for 
all J and ji. Since 

^ifju'pfj'u'v) = (1\J'\Mj+J'^+v) = Q\J'\^J+J'kt,+u, 
ifrifjw'uMfj'wl) = TjkpTj'kv = qyj'^Tj+j.k^+y. 
We have, for all J, J' and fj,,v, 

^(fj^fj,uji) = m^'Mfj'^)> 

which implies that ip is in fact an algebra homomorphism. Now we define a bilinear 
pairing ( , ) : C/|° x t/|° — ► IK by 

(y, x) = i/,(y)(x) for all y G Uf, x G Uf. 

Then we have for all J, J', /i and z/, 

(/j'wj,, eju;,,) = Tj'k^ejUu). 

Moreover, we have 

and if p,, v e Q with /J, ^ v, then 

(y, x) = 0, for all x G (C/+) M , y G (£/")_,,. 

Lemma 18. For a// G and a// y, y 1 , y 2 G C/^° ; we have 

(yiV2,x) = (yi®y2, (y, xix 2 ) = (A(y), x 2 ®a:i). 

Lemma 19. For a// x G fT"^ anci i ^ j E I, we have (u~ j: x) = 0. 



MULTI-PARAMETER QUANTUM GROUPS 



9 



Proof. It suffices to prove ej) = with \J\ = (1 — aij)ai + aj . We have J = (7, J') 
with 7 G {aj,<x,-} where J' is the sequence with \ J'\ = \J\ — 7. Hence |J| 7^ |J'| and 
I J' I 7^ 0. Then, by Lemma [ 



(Uij, ej) = (A(tt y ). ej/®e 7 ) 

/l-a 



= (u^ (g lJ c^- + 1 <g) u^-, ® e 7 ) 
= ej')(wf" aiJ ^, e 7 ) + (1, eji)(u~, e 7 ) 

= 0. 

This completes the proof. □ 
Theorem 20. There exists a unique bilinear pairing ( , ) q : x C/^° — > K. such that 



for all x, x' G U^- , y, y' G , [A, v G Q, and i, j E I 



(y, xx')q = (A(y), x'<g>x) q , 

(2/2/', S )q = (3/®3/' S A(x)) q , 
e j)q ~~ ^tj -i _ ) 

H' ei )i = °> 

Proof. Since f/,| is isomorphic to modulo the ideal generated by for any i 7^ j, 
and by Lemma [191 we have a homomorphism : — > (U^ )*. Then we get a 
bilinear pairing of and t/^ via (y, x) q = ip{y){x). It is easy to see that the pairing 
satisfies all the properties as desired. □ 

For any two Hopf algebras A and B paired by a skew-dual pairing ( , ) , one may 
consider the Drinfeld double construction T>(A, B,(,)), which is a Hopf algebra whose 
underlying vector space is A <g> B with the tensor product coalgebra structure and the 
algebra structure defined by 

(a <g> b) (a' <g> b') = ^(Sb(&(i)), a(i)) (6(3), a[ 3) ) aa[ 2) <g> 6(2)6', 

for a, a' G A and 6, 6' G B, and whose antipode 5 is given by 

S(a®b) = (l®S B (b))(S A (a)®l). 

Therefore we have 

Corollary 21. £/ q ({j) «s isomorphic to the Drinfeld double V(U^°,U^°, (,) q ). 
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2.8. Triangular decomposition. By the same argument as Coro. 2.6 in [7], we have 
Corollary 22. t/ q (g) has a triangular decomposition: 

UM * u- ® u\ ® u+. 

2.9. Hopf 2-cocycle deformation. Let (H, m, A, 1, e, S) be a Hopf algebra over a 
field F. The bilinear form a : H x if — > F is called a (left) Hopf 2-cocycle of H if 

a-(a,l)=(7(l,a) = e(a), V a G ii, (23) 

2jcr(ai, 6i)cr(a 2 fe2, c) = 2jcr(6i, Ci)a(a, 62C2), Va,b,ceH. (24) 

Let a be a Hopf 2-cocycle on (ii, m, A, 1, e, S), a -1 the inverse of a under the convo- 
lution product. So, by [IB] , we can construct a new Hopf algebra (iP", m", A, 1, e, S a ), 
where H = H a as coalgebras, and 

m a (a <g> b) = ^2a(a 1 ,b 1 )a 2 b 2 cr' 1 (a 3 ,b 3 ), V a, b G ii, (25) 

5 CT (a) = ^a- 1 (a 1 ,5(a 2 ))5(a 3 )a(5(a4),a 5 ), W a E H. (26) 

11 and ii " are called twisted-equivalent. 

Consider the (standard) one-parameter quantum group U qA -i(QA) generated by E iy F iy 
K i 1 and K[ 1 (i G i) and satisfying the same relations as those in Definition [7J except 
that 6i, fi, ujf 1 , oj'f- 1 and are replaced by E^F^ Kf 1 , K'^ 1 and g diai J, respectively. 

Assume qu = q 2di {i E I). Next we shall show that U q>q -i(QA) is twisted-equivalent 
to t/ q (fiu)- 

Proposition 27. Let a : t/ gi(? - 1(0,4) x ^^-1(0.4) ^ K fee a bilinear form on t/g^-^fu) 
defined by 

( 1 

g/L, x = Kfj, or K'^ y = K u or K' u , 
0, otherwise. 
Then a is a Hopf 2-cocycle of U qtq -i(gA)- 



a(x,y) 



Proof. Let x,y,z be any homogenous elements in U qA -i(QA) ■ If x,y,z G !, it is 
easy to check that the cocycle conditions fT2"3"l) and fl2~4"l) hold. If a; ^ ^qq-^i t nen we 
can assume A(x) = a ® 6 H such that a®b ^ . (g> t . Since a ^ £i° a and 

J^o-(a,yi)(7(6,y2^) = 0. 
Hence, J] a(xi, y{)o{x 2 y 2 , z) = 0. Since x ^ E^-i, 

J^o-(2/i,«i)cr(ar,3/ 2 Z2) = 0. 

Therefore, a also satisfies the cocycle conditions ( 1231) and ( 124!) . Similarly, if ?/ or 
2 ^ 9 ° 5 -i, we can show that cr satisfies the cocycle conditions. □ 
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Theorem 28. Let a be the Hopf 2-cocycle defined in Proposition \2l\ Then we have 
the following Hopf algebra isomorphism: 

where U° q _ 1 (QA) is the Hopf algebra via the Hopf 2-cocycle deformation of U qA -i(QA) ■ 
Proof. Denote a* b := m a (a, b) for a, b G {7 9)9 -i(0a)- It suffices to check the relations: 

(R*2) Kf l * Kf = Kf * Kf\ K[ ±l * Kf 1 = Kf x * K'±\ 

(JF3) K t * Ej * Kf 1 = qijEj , K[ * E j * K'r 1 = qT l E v 

(i?*4) Ki * Fj * K- 1 = q^F j: K[ * Fj * K'r 1 = q^, 

(R*5) E t * Fj - Fj * Ei = 6 id (Ki - K[) , 

Qii J- 

(JT6) EC-l)^ 1 "^') %y4tf 1 - a "- i) *E j *E* = (i^j), 

k=0 ^ ' Hi 

k=0 ^ ' <?" 



Since 



A 2 (Ki) =Ki®Ki®K h 
A 2 {K l l ) = K' i ®K[®K' l , 
A 2 (Ei) = E i ®l®l+K i ®E i ®l+K i ®K i ®E i , 
A 2 (Fi) = l®l®Fi + l®Fi®K l l + F i ®K' i ®K' i . 

It is straightforward to check (R*l) and (R*2). For (R*3) and (R*A): 

Ki * Ej = a{K h Kj)K l E j = a(K h K J )q' , ' l i: j K l 
= a{K h K j ) < i' , "-a(K j . K^Ej * K t 

= q ij (q ij q j i)~H d ' ai1 Ej * K t 

= q.jiq.i) " q ! " * Ki 
= q, : q q' 1 " J l\j * A', 
= qijEj * K h 
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K'*E 3 = a(K[, K 3 )K[E 3 = a(K>, K s )q I^K] 
= a{Kl K j )q- d ««a(K j , K[)^E 3 * K[ 

= 4<f diaij <i^ E i * K 'i 

= qjM^q- diaii E j *K' i 
= q~lq diaij q~ diaii Ej * K[ 
= q-?E 3 *Kl ) 



K t * Fj = a(K i: K'^KiFj = a(K i: K' j )~ 1 q~ diaij FjKi 
= a(K h K' 3 )-\- d ^o{K'., Ki)Fj * K, 

= q~ 3 h q~ diaii( li F i* K i 

= qI j 1 (q^)h~ d ^F J *K t 

= ?y 1 (<to)^?-* atf ^**i 
= <l ij X <f' : " :, <l '' " /•} * A', 

K'*F 3 = a(K>, K'fK[Fj = K' 3 )~ 1 q diaii FjK[ 

= a(K' i ,Ki)- 1 ^a(K' j ,K^)F j *K' i 
_ i , i 

— q%j q qji r j * 

= qji{qijqa)~ 1 *q diai3F 3* K 'i 
= q^r^q d ^F,*K' l 

= q,,q ■(/'"' -F, * K' 

= q ji F j *K' i . 

For (R*5): 

E . * F . _ F . * E . = E . F . _ FjE . = 5 . ._^( K . _ K >). 

qu i 

For (i2*6): 

Ef- a ^ k) *E 3 *Ef = qil 4 g 2 q^E] ^E.El 
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Hence 

k=0 ^ 7 Hi 

E L a ' j /l n -\ k(k-i) (<Hj-})<Hj i-ojj-fc fe 

( 1 ) I fc ) Qii 'l.j'l,, Qij 'Ij. 1 -, 3 i 

k=0 ^ 7 Hi 

Kj~lKj °? /I — n A fc(«=-i) k k , , 

- 5« 9ij 2^ K-U K M* SijSji-^i ^i^i 

fc=0 ^ ' la 

= ^7^^E(- 1 ) fc ( fc ) «—^zt a -- k E 3 Et 

k=0 ^ 7 Hi 

^ E (-1)" f 1 ~ q dik « e - 1+ai AE]- ai '- k E j E? 



= 5, 

fc=0 v 7 9 

= 0. 
For (R*7): Since 

F* k *F*F* ( aij ' — a 4 n 2 a 2 F F- F aiJ 
r l * r j * r i — q u q- { q- r l r 3 r i 

Therefore, 

1 — Oh., 

1 — n..\ fc(fc-l) , . 

' Hi 



E ("DM 

fc=0 v 

l-a» 3 . . fe(fc-i) (i-aijOojj l-o^-fc fc 

£(-i) fe ( it ) 

(l- ai j) ai j a.ij-1 1 / 1 _ /7 .\ fc(fc-l) fc fc . 

k=0 ^ 7 9»» 

t— n \ / a« 



= <?■■ 4 



k=0 

1 — Oi 



,, , , , / 1 _ /!■ A fc(fc-l) , 



k 

k=0 x 7 3»i 



fc=0 v 7 9 



The proof is complete. 
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3. Representation Theory 
When qa is of finite type, we denote 

^ = n C 

for /i = Yuiei^ii v = v i a i e ^. When q a is of affine type, let I = {0, 1, • • • , 1} 
and A = Zl/Yj such that Ai(hj) = S^j for i, j G /, where A, is the ith fundamental 
weight of Qa- Let qA ai, q^Ao G K (i G I) such that 

gA ^A = ^' , Vie/. (29) 
Now we can define q^ for fi, v G A as above. 



3.1. Category £> q 



Definition 30. The category Of nt consists of U^Qa) -modules with the following 
conditions satisfied: 

(1) V* has a weight space decomposition = AeA y A q , where 

V? = {v G y q | uJiV = q aiX v, io[v = q^v, V i G /} 

and dim < oo for all A G A. 

(2) There exist a finite number of elements Ai, . . . , At G A such that 

wt(V q ) C D(Ai)U---UD(A t ), 

where -D(Aj) := {// G A | // < Aj}. 

(3) e» and fi are locally nilpotent on V 1 . 

The morphisms are taken to be usual U n (QA) -module homomorphisms. 
Lemma 31. For any A G A, and i G /, we have 

q ai \q\ ai = qu K) - (32) 

Proof. It suffices to prove 

qa^q^ = qfi (hl) = q«, V i, j g /. 

By |29D, let \j = Y,k&i x kj®k- Then 



kj 

kei kei kei 

— (^q^^Zkel a ik x kj 
Sii 

= Qa : • 

This completes the proof. □ 



MULTI-PARAMETER QUANTUM GROUPS 15 

Lemma 33. For any i e I , m eZ and m > 1, we have 

eifT = f?* + -^Vr 1 (WtfUi - , (34) 

e?fi = hef + -^-er 1 (H,,,^ - (m) q ^uA . (35) 
qu — i \ » / 

Proof. For m = 1, it is the relation (i?6). For m > 1, we have 

qu — L \ / 

Then 

e,/r +1 = /Tci/i + TTT/r 1 (V)^ - /i 

= /r f M + -^(u* - u/A + -^-rfr U^(m) q ,^ - qu{m) qu u>\ 

\ qu J- / qu J- ^ ' 

= /r +1 e, + -^r/r ((m + l) s -^ - (m + 1)^) . 

qu - 1 - v ' 

Similarly, the second equation holds. □ 

For each i e /, let C/j be a subalgebra of {7 q (£jyi) generated by e«, /j, cuf 1 , u;^ 1 . 
Proposition 36. Let <fi : C/° — > K be a homomorphism of algebras. Denote 
& := <t>(ui), # := #4), ^ := / j ® ^ G M(0), j > 0. 

TTien 

(i) M(<f>) a simple Ui-module if and only if & — q^ 3 4>'i 7^ 0, V j > 0. 

(ii) 7/0- = (fiiq'i" 1 for m > 0, then M(<f>) has a unique maximal submodule 

N = Span K { Vj \ j > m + 1 } = M(<f> - (m + 1)^). 

(hi) The simple Ui-module L(<f>) is (m + 1) -dimensional. Moreover, it is spanned by 
vo, v±, ■ • • ,v m such that 

Ui.Vj = faq'/vj, 

fi.Vj = v j+1 , (v m+1 = 0), 
ei.Vj = <f)iq^ m+1 (m -j + l) qii {j) qii Vj-i, (u_i = 0). 

(iv) Any (m + 1)- dimensional simple Ui-module is isomorphic to L(<f>) for some 0. 

(v) Let v = Yliei^i^i e ^ + ■ Then = v((Vi)q^ Vi and Ui-module L(i/jAj) is 
[yi + 1)- dimensional and (pi = v{uJi). Here v : U° — > K is the algebra homomorphism 
such that u(ui) = q ailI , u(w$ = Vie/. 
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Proof. Similar to the argument of two-parameter cases (see [8]), in particular, for (v), 
by Lemma (HU we have 

YML - a -i -i - -"(A*) _ Q -n _ ^M) v % e j 

The proof is complete. □ 

Proposition 37. Let A G A + . Let ^ q (A) be an irreducible highest module with highest 
weight vector v\. Then 

f- (hl)+1 v x = o, Vie/. 

Proof. By Lemma 



By Lemma EU 
By Lemma 



etfF.Vx = ((m) qT iq aiX - (mj^g^)^ ^ 



e,/^ )+1 .^ = 0, Vj^i. 

If fi +l -Vx 7^ 0, then there exists a nontrivial submodule, contradicting the irre- 
ducibility of V q (A). □ 

Corollary 38. Let A G A + . Let V q (A) fee an irreducible highest module with highest 
weight vector v\. Let (3 = Yliei m i a i Q + such that \{hj) > mi, V i G 1. Then for 
any x G (JJ~)-.p, the map x i— > x.v\ is injective. 

Proposition 39. Let l^ q (A) be an irreducible highest module with highest weight vector 
V\. Then V q (A) is integrable if and only if for every i G I , there exists some Aj such 
that f^'.vx = 0. 

Proof. It is clear that e^ (z G /) are locally nilpotent on any highest weight module. It 
suffices to show that fi (i G I) are locally nilpotent on V q (A). Let j ^ i. We shall 
show that for N > 1 — a^-, 

j-fj e E K /r/i/r- (40) 

m+n=— ,N+aij <n<N 

For iV = 1 — aij, it is just q-Serre relation (-R7). Assume for N > 1 — ay, the claim 
holds. For AT + 1, by induction, 

/"•'./; e £ x./r7,r- 

m+n=—aij,N+aij<n<N 
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By q-Serre relation (R7), 

i JjJi e 2^ K JiJjJi 



Then (1401) holds. For a sufficiently large N, f^y G U / 4 *, y G [/ . Note that every 
element of V 01 can be written in the form yv\, y G U~. This completes the proof. □ 

Proposition 41. Let U q (A) fee an irreducible highest module with highest weight vector 
V\. Then V q (A) belongs to category Of nt if and only if X G A + . 

Proof. By Propositions [37| and [39j we get the "if part. Now we shall show the "only 
if part. It suffices to prove (A, a^) > for any i G 7. Since fi is locally nilpotent on 
F q (A), there exists some m, > such that f[ H+ -V = and fP*.v ^ for i G 7. By 
Lemma [33] and e,.t> = 0, we have 



o = ejr +1 -v = fr +l ^.v + -^—fr (k + v** - k + 1)^) « 



Hence q™* = q ai \q\ ai - With the help of Lemma [31] we have q™ 1 = q^ ■ Since q„ (i G 7) 
are not roots of unity, A(/ij) = m.j. □ 

Lemma 42. 

(1) Let ?/ G (U~)-.p such that \e^y\ = for all i G 7. TTiere x = 0. 

(2) Let x G (t7j")y3 suc/i t/iat x] — /or a// i G 7. TViere x = 0. 

Proof. Let w G (U~)-p such that [ej,y] = for all i G 7. By Corollary I3"5| we can 
choose a sufficiently large A G A + such that 

(U~ )- P — V q (A), M ^n.t; A 

is injective. Here U q (A) is an irreducible highest module with highest weight vector 
V\. yv\ generates a submodule of V q (A). Since U q (A) is irreducible, yv\ = 0, which 
implies y = 0. Using the anti-automorphism $ of t/ q (g) in Lemma [TTl we can prove 
(2) directly. □ 

3.2. Skew derivations. By coproduct, we have 

A(x) G ( f/ q + )/3-^ ® fOT a11 * £ (£/+),,, 

0<^</3 

For z G 7 and /3 G Q + , we can define the skew-derivations 
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such that 

A(x) = x Cg) 1 + cui + the rest, 

A(x) = (g) x + ej Ci^- aj <S> «<9(x) + the rest, 

i€l 

where in each case "the rest" refers to terms involving products of more than one Cj in 
the second (resp. first) factor. Let 

q . = gg Q. Q . = Q 

1 - la 1 - ft* 

Lemma 43. For all x G {U+)p, x' G (C/+) i g/ ? and y G Z7~ , we have the following 
relations: 

i) di(xx') = q ai p'di{x) x' + xd i (x'), 

ii) id(xx') = id(x) x' + q Pai x id{x') , 

iii) (/iy, z)q = (y, »9(z)) q , 

iv) (y/i, z) q = (y, 9<(a;))q, 

v) fix - x/j = di (x) uji - to- id(x) . 

Proof. It is straightforward to check. □ 

Proposition 44. For each (3 G Q + , the restriction of pairing ( , ) q to (U~)-p x (U+)p 
is nondegenerate. 

Proof We use induction on (3 with respect to the usual partial order: (3' < (3 if (3 — (3' G 
Q + . The claim holds for /3 = 0, since (1, l) q = 1. Assume that (3 > 0, and the claim 
holds for all a with < a < (3. Let x G (i7 q )/3 with (y, x) q = for all y G (U~)p. In 
particular, we have for all y G (Z7~ )-/3+ aj that 

(fiV, x)q = 0, (yfi, ac) q = 0, z G I. 

It follows from Lemma H3] (iii) and (iv) that 

(fry, a;)q = (y, i^))q = 0, (yfi, x) q = (y, 9i(ar)) q = 0. 

By the induction hypothesis, we have j<9(x) = 9j(x) = 0, and it follows from Lemma 
v) that f\x = xfi for all i. Now Lemma H2] applies to give x = 0, as desired. □ 



3.3. By Proposition HU we can take a basis {wf } fc f =1 , (dg = dim ({7+ ) / g) of (£/ q )/?, and 
the dual basis {ff}^! of (C/~)_g. Then, for any x G (£7+ ) J g and y G (Z7~ )_ l g, 

i/3 



x = 

fc=i fc=i 
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For /3 G Q+ let 

dp 

0/3 = X>J®t£ (46) 
fc=i 

Set 6/3 = if/3 <£Q+. 

/9GQ+ 

Lemma 48. For i <E I, (3 E Q + , 

(i) <g>o>i) 6^ = Qp(uJi® Ui), {u • ® a; ■) 6^ = Qp (u ■ ® a; ■) , 

(ii) (e, (8) 1) Bp + (a* ® e») 6/3_ ai = 6/3 (e< ® 1) + <£>p-a z (oj- ® e*), 

(iii) (1 ® /;) 6/3 + (/< ® 0$ 6/3_ Ql = 6/3(1®/;) + 6/3-^ (/< ® Wi). □ 

Let = J2k S( v k) u k' wriere S is the antipode. The quantum Casimir operator Q n 
can be defined 

n "=E^=EE S «X- ( 49 ) 

/3GQ+ /3eQ+ fe 

Note that f2 q is well-defined. 

Lemma 50. Let ip be the automorphism of Uq(QA) defined by 
Then 

V>(x)fi q = fi q x, VxeE/q. 
Proof. It is straightforward to check. □ 
Corollary 51. For any V G 06(0^) and r> G Va, we /icwe 

^ q = g-^^^e* fi q r, fi q = g^f (52) 
Proof. For any r G V\ and i G /, by Lemma l50l 

V(e,) W.v = u>ur\n«v = q^q^e^.m = q^ X+a ^e^.v, 
i/>(fi) W.v = fiU^UiW.v = q^xqxaji^.v = qf^ ffl\v. 
This completes the proof. □ 
Note that the following fact: 

QijQji = Qii* = 'ijj = QjiQiji V i, j G /. 

and 
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Then 

9?=?jf, Vt,ie/. (53) 
Let t = , V i G J. For \/ q G 06(0? t ), we can define 

such that 

£ q *V = ^(/i)^, for v M G V™, i G /, (54) 

where g(n) = t 2 

Proposition 55. For F G (96(C^ t ) ; then the action o/f2 q -S q : V n — >■ V q commutes 
with the action of C/ q on V. 

Proof. It suffices to check the result on generators. Then for t> G and i G J, we have 

fi q -~ q (e^) = (?(/i + a,)fi q e^ 

= + a^+^e^.v 

= g(p + a*)g(ri- 1 q^ ){hi) e i W&.v 

= t (M+ °' + T + "- + ^ -^^^ g :^ e ^ q s q .^ 

— ^(M+P:"i)+ c( ^-(M+"i,a l ) e ^q . v 
_ j.(ji,ai)+2dij.-(ji,ai)-2di . ^ 

= e^ q -S q .t;. 

Moreover, 

W-~*(Uv) = gfa-aJWfi.v 

= gifi-a^q^f^.v 

= giix-a^Y^m^-^.v 

= r^ ai h^ ai) f^ ■ e*.v 

= f^-E^.v. 

We complete the proof. □ 
Lemma 56. Let A, fj, G A + . If \> (j, and g(X) = g(n), then X — fx. 
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Proof. Since A > /x, we can assume that A = ji + (3 for some /? G Q + - Then 

#(A) = g(n), 

(A+p,A+p) (m+P.M+p) 
t 5 = t 5 , 

(m+/3+P,M+<3+p) (/^+p,M+p) 
t 2 = t 2 ( 

t (M+/3,/3) = 

Hence, 

Because of /i G A + , /3 = 0. □ 
Lemma 57. Let ^ q (A) G 06(0? t ). T/jen toe ac^on q/fi q • 2 q £/te scalar 

(A+ p ,A+p) 

</(A)=t ^ . 
Proof. Let be the highest weight vector of V q (A). Then 

fi q • ~ q .t; A = g(X)v x . 

By Lemma 1551 we have f2 q • S q .t> = g(X)v, V t> G V q (A). □ 

By all above lemmas, similar to Lusztig [17] for the one-parameter ones, we have 
Theorem 58. Let V q G Ob(Of nt ). Then is completely reducible. □ 

3.4. .R-matrix. Let M, M' G Ob(Of nt ). The map 

p MM , : M®M' — ► M®M' 

is defined by 

PM,M'( m ® m ') = V 1 ( m ® m ')> V m G M M , m' G M£. (59) 

We can take a basis {"uf}^!, (c?^ = dim ([7+)^) of (t/q)/?, and the dual basis {v^.} d ^ =1 
of (C/q )_£. Then, for any x G (£/+)/3 and y G {U~)-p, 

dp dp 

J2( v ki x )* u ki y = J2(y, «& q uj? • (60) 



X 

k=l k=l 



Lemma 61. Let x G (U+)p,y G (U~)-p(p G Q + ). T/ten 

0< 7 </3 i,i 

A ^ = E E<»' <~" U D* V 1 ® (63) 

0<7</3 i,j 

Denote 0^ = ® 0t. By a direct computation, we have the following lemma 
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Lemma 64. For any 77 G Q + , 

(A® 1)6,, = (6^)23(1®^® l)(8 7 )i3 

0<7<r? 

= E ® e^j ® e+ej, 

/3+7=r/ 

and 

(i®A)e„ = ^2 (©7,-7)12(1®^® i)(6 7 )i3 

0<7<?? 
/3+7=r/ 

Let M and M' G 06(0^). Define 

Q% tM , : M <g> M' — > M ® M', 
and 6/3 : M A ® — > ® M^ +/3 , V A, \i G A. Note that 6^ M , is well-defined. 

Theorem 65. Let M and M' G Ob(Of nt ). Then 

RliM' '= e l,M> PM'M oP: .1/ M' M' \I (66) 

zs an isomorphism of U ^-modules , where P : M®M' — > M' ®M is the flip map such 
that 

P(m ® m') = m' ® m, V m e M, m' e M' . (67) 

Proof. It is clear that _R^ f M , is invertible. We shall show that 

A(x)RM M ,(m ® m') = R^ IM ,A(x)(m ® m') 

for any x G £/ q , m G M A and m' G M'. In fact, it suffices to check it for generators 
e i; /j, cjj, (i G J). Here we only check this for f iy i G I, similarly for ej,^, oj[. By 
Lemma HH] (iii), 

Hfi)RM,M'( m ® m ') = tfA(/»)e(m' ® m) 

= ?^ 1 (/<®^ / )(X! ©/3-a i )K®m)+ g ^(l®/ i )(Xl e^m'Sm) 
/3eQ+ /3eQ+ 

= ( ® ® ™) + E @/3) (1 ® ® m) 

/3eQ+ /3eQ+ 
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On the other hand, 



R M,M' A (fi) ( m ® m ') = R M,M' ( m + ^ m ® ^ m ') 

= ^a^a( XI e /3-<*)(/i m ' ® m ) + ?/7a( X ©/3)K ® hm). 

So the proof is complete. □ 

Corollary 68. For any M,M',M" G Ob(Of nt ), we have the following quantum Yang- 
Baxter equation: 

^12-^23-^12 = -^23 -^12-^23 ■ 

The category Of nt is a braided tensor category with the braiding FQj M , . 

4. Quantum Shuffle Realization 

4.1. r-sesquilinear form on 

Proposition 69. Let r be an involution automorphism o/K such that r(g^) = qji, V i, 
j G J. T/ien there exists a unique nondegenerate r-bilinear form ( , ) : [/+ x [/+ — > K 
such that, for any i G / and x,y E , 

(1,1) = 1, (are f ,y) = (x,diy), (e l x,y) = (x^dy). (70) 

Proo/. Let ( , ) : C/+ x C/+ — ► K defined by 

(x, y) := y) q> V re, y G C/J, 

where ( , ) q is the skew Hopf pairing defined in Proposition [20] and $ is the r-linear 
automorphism of Uq(o) defined in Lemma [TT1 Since $ is r-linear, ( , ) is r-sesquilinear. 
By Lemma 1431 (iii) and (iv), the condition (170|) is satisfied. It is clear that ( , ) is unique 
and nondegenerate. □ 

Corollary 71. Let x G C/ q . If ' d\x = for any i G /, £/ien x G IK. 

4.2. Quantum shuffle algebra. Let •) be the free associative K-algebra with 1 
with generators Wi (i G /). For any z/ = ^ z/jOjj G Q, we denote by the K-subspace 
of F spanned by the monomials ■ ■ ■ Wi r such that for any i 6 J, the number of 
occurrences of i in the sequence ii, ■ ■ ■ , i r is equal to z/j. Then JF = ® v ^qT v with JF^ is 
a finite dimensional K- vector space. We have T^Tv C J 7 ^, lefo an d G -F^. An 
element x of JF is said to be homogeneous if it belongs to T v for some v. Let \x\ = v. 
w[ii, ■■■ ,i k ] := ■ ■ -w ik . 
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Definition 72. The quantum shuffle product * on T is defined by 

l*x = x-kl = x, for x G J 7 , 

xwi * ywj = (xwi * y)wj + q ai , v+aj {x * ywfjWi 

for i, j G / and x G J 7 , y G T v , /i G Q + . 

Lemma 73. For any % ^ j G / and m, / G Z+, we aave 



i — n f— n V / a,, V / an 



k=0 t=0 

Proof See Appendix B. □ 
Proposition 74. For any i ^ j G /, we nave 

EC-^OV*) gf^^f^ = 0. (75) 

fc=0 ^ ' <?« 

Proof See Appendix C. □ 



4.3. Embedding. We will adopt a similar treatment due to Leclerc [45] used in the 
one-parameter setting. For w = w[ii,--- , i^], let d w := di t ---d ih and d w = Id for 
w = 1. Next we introduce a K-linear map T : Z7^" — > (J 7 ,*) defined by 

T(x)= VxG ([/+)„. 



Lemma 76. T injective. 



Proof Assume T(x) = for x G (?7+ ) M . Then d w (x) = for all \w\ = /i. By Corollary 
[7T1 we have x = 0, which implies $ is injective. □ 

Let A G End(F) (i G J) defined as 

Di(l) = 0, Di(tw[zi, • • • ,i fc ]) = 5 Mfc w[ii, • • • 

Lemma 77. £ac/j .Dj (i G /) satisfies the relations 

Diiwj) = 8 it j, 

Di(x *y) = q aiV Di(x) -ky + x-k D^y) 
for any y G J 7 ^ and x G J 7 . 
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Proof. Let x = x'w k , y = y'wi. Then 

Di(x *y) = Di(x'w k * y'wi) 

= Di((x'w k * y')wi + q ak ^(x' * y'wi)w k ) 
= S i; i(x'w k -k y) + S iik q akfl (x' -k y'wi) 
= ^ k q aifjL (x' * y'wi) + (x'w k -k Di(y)) 
= q a ^Di(x) *y + x -k Di(y). 

This completes the proof. □ 

Theorem 78. For any x, y G U£, we have T(xy) = T(x) ~kT(y). 

Proof. By Proposition [7H there exists a linear map T' : U£ — > G? 7 )*) such that 

T\e l )=w u T'{xy) = T'{x)*T'{y) 

for % G I and x, y G U+ . By Lemmas M and [77J ^ = Dp, Vie/. For 
x G Z7rJ", // G Q + and io = tu[ij, • • • , ife] G let j w (x) be the coefficient of w in r'(x). 
Then 

j w {x) = D h ■ ■■D ik T'(x) = Td h - --di^x) = d w (x). 
Hence T(x) = T'(x). □ 

5. Appendix 
5.1. Appendix A: The proof of Lemma 1161 

1— an y v 

7 /1 _ r,. \ Hh-\\ 

\k 



_! J / 1 fc(fc-i) 

A «)=E(- 1 ) fc ( fc y fe 2 «& A ( e *) 1 " atf "* A ( e i) A ( e * 

i.— n V / Qu 



k=0 y 7 1 

1— aij 1— a»j— fe fc 



e e Ecr cri : (-^« 

fc=0 m=0 n=0 v 7 ?« v 7 <?« v 7 ?ii 

x {e^u\~ aiS ~ k ~ m ® e;" aiJ " fc " m )( ej ® 1 + ^ ® e,)(e>f- n ® e*"") 



1— Oy 1— a^j— fc fc 



E E E 



k J \ m ) \rij 

k=0 m=0 n=0 v 7 9« x 7 <?« x 7 9m 



fcf fc— 1) 

v ( ~\\ k a — 2 — „fe l-ay-ft-m n(l-oy-fe-m)/ m „ 1-aij-m-n l-ftfj— m-ns 
x l — J-J 9ii l e j e i e i^i e i ) 

+ e e e or : , 

fc=0 m=0 n=0 v 7 <?« v 7 9ti v 7 <?« 

/ 1 \/r fc ^o 1 ^ k n nfl—aa—k—m)/ mA-n l—an—m—n _ 1— a^— fc— m t_ 
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1-aij 1-Oij-k k / \ /I U\ /U 



E E E 

k=0 m=0 n=0 

v ( 1 \k n k k 2 V ' ' +n{\-a ij -k-m) 1-a^-m / m n 1-Ojj-m-n 1-Ojj-m-^ 
l—a,ij 1—aij—k k 

+ E E E 

fc=0 m=0 n=0 

/ ^ +n(Y—aij—k—m) u n , m j rri 1—aa—rn—n _ 1— aj,— fe— m 

x (-1) ?« 2 ^ ^ ® e, 1J e,ef 



k j \ m ) \n, 

k=0 m=0 n=0 x 7 9ii v 7 <?« v 7 

fc(fc-l) 

. >— p i vyj. — '-''ZJ — 1X1 — llbj 

'''J 

1—aij 1—aij—k k / \ /_ . , 

1 \ ( ^ij "'i ( k 

k J V m ) Kn, 

k=0 m=0 n=0 v 7 <?« x 7 <?ii x 7 <?« 

fc(fc-i) 

— r "-v 1 — — ^ — 

'llj'ijl 

1—aij 1—aij—k k 



E E E 



1 — aij — m — n\ ( 1 — a^- \ (m + n 



k — n J \m + nj„ \ n 

k=0 m=0 n=0 v 7 <?« v ' «i v 7 to 

fc(fc-l) 



\fc — 2 l" n (l — a ij ~ k— m) 1—aij—m j m n 1—aij—m—n l—aij—m—n\ 

lij 

1—aij 1—aij—k k 
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Appendix C: The proof of Proposition IT4l By Lemma [73| we have 
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